We present a way to derive a deformation of special relativistic kinematics (possible low energy signal of a quantum theory of gravity) from the geometry of a maximally symmetric curved momentum space. The deformed kinematics is fixed (up to change of coordinates in the momentum variables) by the algebra of isometries of the metric in momentum space. In particular, the wellknown example of κ-Poincaré kinematics is obtained when one considers an isotropic metric in de Sitter momentum space such that translations are a subgroup of the isometry group, and for a Lorentz covariant algebra one gets the also well-known case of Snyder kinematics. We prove that our construction gives generically a relativistic kinematics and explain how it relates to previous attempts of connecting a deformed kinematics with a geometry in momentum space.
I. INTRODUCTION
There have been many attempts to avoid the problems of inconsistency between GR and QFT, including string theory [1] [2] [3] , loop quantum gravity [4, 5] , supergravity [6, 7] , or causal set theory [8] [9] [10] . Unfortunately, it is difficult to extract from these first-principle theories the experimental predictions that could tell us which is the correct approach to a quantum gravity theory (QGT). In this sense, doubly special relativity (DSR, see Ref. [11] for a review) was proposed as a low-energy limit of a QGT that could be testable by experimental observations. DSR is an example of a deformed kinematics, by which we mean any modification of the kinematics of special relativity which depends on a high-energy scale Λ, in such a way that special relativity (SR) is recovered in the limit Λ → ∞. In the particular case of DSR, this high-energy scale is identified with the Planck energy, and the symmetries of SR are deformed in such a way that the Planck energy, as well as the speed of light, is an invariant quantity in any reference frame. This is done by means of a nonlinear implementation of Lorentz transformations which now depend on both quantities. The new transformations relate inertial observers describing a deformed kinematics subject to a relativity principle. This kinematics contains, generically, two ingredients: a deformed dispersion relation (DDR), and a conservation law which involves a deformed composition law (DCL) for momenta. The need to change the standard addition of momenta to a nonlinear composition stems from the necessary compatibility with the relativity principle which is implemented by the nonlinear Lorentz transformations, and it is related to a modification of the Poincaré translations, leading to nonlocal effects known as relative locality [12] .
In a deformed kinematics, at least one of these two ingredients (dispersion relation and composition law) are deformed from the SR case. The deformation in the dispersion relation is however not independent from the deformation in the composition law when the kinematics contains a relativity principle. In a relativistic deformed kinematics (RDK), the DDR and DCL are compatible with non-linear, Λ-dependent, Lorentz transformations relating inertial systems of references, in such a way that the physical laws are observer-independent.
As we will show in this work, a DDR and a DCL can also be introduced through a geometry in momentum space. The idea of considering a curved momentum space was firstly proposed by Born in the 1930's [13] as a way to avoid the ultraviolet divergences in quantum field theory (QFT), but it was only recently that this was considered as a way to go beyond the SR kinematics [14, 15] . In Ref. [12] , a proposal for a relation between momentum space geometry and a deformed kinematics was given. In this proposal, the dispersion relation is defined as the square of the distance from the origin to a point p, and the DCL is related to a non-metrical connection. Unfortunately, this work does not mention Lorentz transformations, and indeed it seems hard to implement a relativity principle in a systematic way. The authors of Ref. [15] , however, considered a possible correspondence between a deformed composition law and the isometries of the momentum metric corresponding to translations (in the sense that they do not leave invariant the origin). The homogeneous isometries were then identified as the Lorentz transformations, and in such a way, one may guess that a relativity principle might hold: the DDR (defined by a metric) would be compatible with the DCL (which is associated to an isometry of the same metric), and the composition of momenta would be compatible with Lorentz transformations. This is what the authors of the previous work assure, indicating that "there is a well-defined commutation rule between both operations (since they generate a group)." As one would want 10 isometries (4 translations and 6 Lorentz boosts), one has to restrict the possible momentum geometry to a maximally symmetric space. Then, there are only 3 possibilities: Minkowski, de Sitter or anti-de Sitter space.
However, Ref. [15] did not formulate a clear way to obtain the composition law, because there are in fact many isometries that do not leave invariant the origin; an additional ingredient is needed to characterize them. Also, the argument by which one gets a deformed kinematics which is compatible with the relativistic principle is not really clear, since, as we will see, it is necessary to discuss the implementation of Lorentz transformations for a set of two momenta.
Our purpose in this paper will be to make concrete this proposal. In particular, we will present a precise way to understand the deformed composition law: it can be associated to translations, but in such a way that their generators form a specific algebra inside the algebra of isometries of the momentum metric. Moreover, we will give a detailed argument showing how the construction we propose gives a relativistic deformed kinematics. This will be the subject of Sec. II.
It is obvious that this new approach gives the usual kinematics in the SR case: since the SR momentum space is flat, the square of the distance from the origin to a point p is a quadratic relation, and the conservation law and Lorentz transformations, understood as the isometries of the Minkowski metric, are both linear. In Sec. III, we will see that the very much studied κ-Poincaré model (which appears in the context of Hopf algebras Ref. [16] ), is obtained for a de Sitter momentum space, when the generators of translations satisfy an isotropic closed algebra (κ-Minkowski), while the DCL of Snyder [17] is obtained for the same geometry, when the Poisson bracket of two translation generators is proportional to the Lorentz generator. We will also see that the generalization of these two kinematics, the so-called hybrid models [18] , can also be obtained within this approach.
In order to complete the discussion, in Sec. IV we will show the correspondence between our prescription and the relative locality framework posed in Ref. [12] . Finally, in Sec. V we will present our conclusions and future prospects.
II. DERIVATION OF A DEFORMED KINEMATICS FROM THE GEOMETRY OF A MAXIMALLY SYMMETRIC MOMENTUM SPACE
A deformed kinematics is a combination of a deformed (with respect to special relativity) relation between the energy and the momentum of a free particle (deformed dispersion relation) and a deformation of the expression of the total energy-momentum of a system of free particles in terms of the energy-momentum of each of the particles (deformed composition law). The combination of a DDR and a DCL defines a RDK if it is possible to find a (nonlinear) implementation of Lorentz transformations such that if one has a set of particle momenta in an initial and a final states satisfying the dispersion relation and the conservation of total energy-momentum, the set of Lorentz transformed particle momenta will satisfy the same dispersion relations and energy-momentum conservation law (relativity principle). This is just a generalization of the Poincaré invariance of the special relativistic kinematics with a ten-parameter group of transformations relating different inertial frames.
A. Definition of the deformed kinematics
The geometry of a maximally symmetric four-dimensional momentum space will be defined by a ten-parameter group of transformations which leave the metric invariant (isometries). This leads to explore the possibility to derive a RDK from the geometry of a maximally symmetric momentum space.
We start by considering a metric g µν (k) in momentum space 1 and isometries k → k ′ defined by the system of equations
We take a system of coordinates such that g µν (0) = η µν , where η µν is the Minkowski metric and we write the ten-dimensional group of isometries in the form
where a are a set of four parameters, ω a set of six parameters, and one has
so that J µ (ω, k) define the six-parameter subgroup of isometries which leave k = 0 (origin in momentum space) invariant and T µ (a, k) are the isometries which do not leave the origin invariant ("translations").
The proposal to define a RDK is based on the identification of the isometries k ′ µ = J µ (ω, k) with the Lorentz transformation of the total momentum or of one momentum when it does not depend on other momenta (in fact the relativity principle with a deformed composition law of momenta will require the Lorentz transformation of some momenta to depend on other momenta), where ω are the six parameters of a Lorentz transformation. The dispersion relation will be defined by the points of the hypersurface where a function C(k) takes a constant value (squared mass of the particle). The Lorentz invariance of the dispersion relation reduces to the condition C(k) = C(k ′ ) which allows us to determine the function C if one knows the isometries J µ (ω, k) which leave the origin invariant. It is obvious that the dependence on k of C(k) will be the same as that of the distance between the origin and k, since this quantity is preserved by isometries that leave the origin invariant.
Translations k ′ µ = T µ (a, k) will be used to define the total momentum p ⊕ q of a two-particle system with momenta p, q through
It is easy to see that the composition of momenta is then related to the composition of translations, according to
Note that the previous equation implies that T (p⊕q) differs from (T p • T q ) by a transformation that leaves the origin invariant (that is, by a Lorentz transformation).
The two ingredients of a deformed kinematics, a deformed composition law (⊕) and a deformed dispersion relation (C(k)), are determined by the isometries T a and J ω . Therefore, a derivation of a deformed kinematics from the geometry of momentum space reduces to the identification of the isometries T a , J ω . The conjecture (proved in Sec. II B) is that the deformed kinematics obtained in this way, where the deformations of the composition law and dispersion relation are both determined from the isometries of a given metric, is a RDK.
A general study of a RDK from the geometry of momentum space with a given metric g µν is based on the set of equations
for the isometries T a , J ω which have to be satisfied for any choice of the parameters a, ω. Taking the limit k → 0 in the set of equations (6), we get
We can then make the identifications
where e α µ (k) is the (inverse of 2 the) tetrad in momentum space, and L ρ µ (ω) is the standard (4 × 4) matrix representing the Lorentz transformation with parameters ω.
If we consider infinitesimal transformations, we have
and Eq. (6) leads to
which is a system of equations for the Killing vectors 
where x µ are the coordinates canonically conjugated to the momenta, {p µ ,
The generators T α , J βγ will close a Lie algebra since the isometries are a Lie group of transformations. The ambiguity in the identification of translations is just the ambiguity in the choice of basis in the Lie algebra. Each choice of generators of translations will lead to different deformed composition laws, and then to different relativistic deformed kinematics.
B. Relativistic deformed kinematics
We will now show that the deformed kinematics defined from the isometries of a geometry in momentum space is compatible with the relativity principle (RDK). The proof is based on the following diagram:
where the prime denotes the transformation through J ω , and T p , T p ′ are the translations with parameters p and p ′ . The pointq is defined as the point whose transformed by the translation T p ′ is just (p ⊕ q) ′ , i.e.,
Note that if one takes q = 0, then one hasq = 0, and in the case q = 0, the pointq is obtained from q by a composition of three isometries (the translation T p , a Lorentz transformation J ω , and the inverse of the translation T p ′ , which will be an isometry since the isometries are a group of transformations). Then there is an isometry which leaves the origin invariant and applied to q givesq. This means that q andq are at the same distance from the origin and then
Eqs. (15)- (16) tell us that the deformed kinematics defined by C and ⊕ is a relativistic deformed kinematics if we identify the momenta (p ′ ,q) as the Lorentz transformed momenta of (p, q). Eq. (15) implies that the conservation law is Lorentz invariant and Eq. (16), together with C(p) = C(p ′ ), that the dispersion relation of the particles is also Lorentz invariant. In the case p = 0, one hasq = q ′ , but when p = 0,q will depend on p. This means that the Lorentz transformation of two momenta differs from the independent Lorentz transformation of each momentum. The explicit form of this transformation is determined by the composition law and the Lorentz transformation of one momentum. We will show this in an example in the next section.
III. ISOTROPIC RELATIVISTIC DEFORMED KINEMATICS
In this section we consider the derivation in detail for two simple cases (κ-Poincaré and Snyder kinematics) of an isotropic relativistic deformed kinematics and we argue how to proceed when one goes beyond the two simple cases (hybrid models).
An isotropic relativistic deformed kinematics will be based on an algebra of generators of isometries
where we assume that the generators of isometries leaving the origin invariant J αβ have been chosen to satisfy the standard Lorentz algebra, and the Poisson brackets of T α and J βγ are fixed by Jacobi identities. 3 For each choice of this algebra (i.e., for each choice of (c 1 /Λ) and (c 2 /Λ 2 )) and for each choice of an isotropic metric one has to find the isometries of the metric whose generators satisfy the chosen algebra. These isometries will define an isotropic relativistic deformed kinematics.
A. κ-Poincaré relativistic kinematics
The first simple case one can consider is taking c 2 = 0 in Eq. (17) . The isotropic Lie algebra for the generators of translations will be in this case
Together with the generators T α of translations k → T a (k) = (a ⊕ k), one can consider the generatorsT α of transformations k → (k ⊕ a), which can be identified from (8),
A result of differential geometry [20] is that, when the generators of translations T α satisfy the Lie algebra (18), theñ T α are also the generators of a Lie algebra,
which is the Lie algebra of the generators of translations up to a sign. 5 Both algebras (18)- (20) are just the algebra for the coordinates of κ-Minkowski spacetime. The problem to determine a tetrad e α µ (k) compatible with the algebra (20) reduces then to the problem of finding a representation of κ-Minkowski spacetime coordinates in terms of canonical phase space coordinates. One possible choice for κ-Minkowski spacetime coordinates, and then for the tetrad, is
We now have to define the finite translations T µ (a, k) whose generators satisfy Eq. (18) . Since this is a Lie algebra, the translation transformations must form a group, that is, the translations will be a subgroup of the isometries of the metric. Inspired by the first equation in Eq. (8), we try to define the finite translation as a transformation which leaves the tetrad invariant:
It is evident that if T µ (a, k) is a solution to this equation, which implies that a translation leaves the tetrad, and therefore, the metric, invariant (so that it is indeed an isometry), then translations form a group, since the composition of two transformations that leave the tetrad invariant has also the same property. Indeed, Eq. (22) can be solved, and this allows to get the finite translations. The solution of (22) for T µ (a, k) is
and the corresponding composition law of momenta
is just the composition law of momenta of κ-Poincaré kinematics in the bicrossproduct basis, or a related composition law obtained by replacing Λ by −Λ. The function C(k) invariant under isometries which leave the origin invariant will satisfy the equation
where J αβ are the Killing vectors satisfying Eq. (11) with the metric g µν (k) = e α µ (k)η αβ e β ν (k) defined by the tetrad (21):
The solution for
and then
which is the function of the momentum defining the dispersion relation of κ-Poincaré kinematics in the bicrossproduct basis (or a related dispersion relation obtained by replacing Λ by −Λ).
Once the composition law of momenta (24) and the (infinitesimal) Lorentz transformation of momenta
have been determined, we can go back to the diagram in Sec. II B and determine the explicit form ofq for an infinitesimal Lorentz transformation from the relation
by equating the terms linear in ǫ αβ in the difference from p ⊕ q on both sides of this equation. Then one finds
From the composition law (24) with the minus sign in the exponent, we have
Then we find
and one can check that the Lorentz transformation of two momenta (p, q) → (p ′ ,q) reproduces the coproduct of Lorentz generators of κ-Poincaré in the bicrossproduct basis.
We have seen then that the κ-Poincaré kinematics in the bicrossproduct basis is just the deformed kinematics obtained from a de Sitter momentum space when one uses coordinates such that the tetrad takes the form in (21) and one defines the translations as the isometries which leave the tetrad invariant. Different choices of tetrad, corresponding to different representations of κ-Minkowski spacetime coordinates in terms of canonical phase space variables, will lead to κ-Poincaré kinematics in different basis, that is, they will correspond to different choices of coordinates in momentum space of the deformed kinematics defined by the algebra (18) .
The momentum space metric for the tetrad in (21) is
One can check from the calculation of the Riemann-Christoffel tensor that this is the metric of a de Sitter momentum space with curvature (12/Λ 2 ).
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In summary, the geometric interpretation of the deformed kinematics allowed us to produce the results of the κ-Poincaré Hopf algebra in the bicrossproduct basis [19] . In the algebraic approach, one imposes that the spacetime coordinates form a closed subalgebra, and a closed algebra with the generators J αβ . These requirements are automatically satisfied in the geometric approach, where the spacetime coordinates are just the generators of a subgroup of isometries (translations). This also implies that the composition law is associative. Note also that, if translations are a subgroup of isometries, the composition law is associative.
B. Beyond κ-Poincaré relativistic kinematics
Another simple choice for the constants in the algebra of the generators of translations is c 1 = 0, which gives a covariant algebra, the so-called Snyder algebra. If one goes back to the simplest covariant form for the metric of de Sitter momentum space, g µν (k) = η µν + k µ k ν /Λ 2 , the invariance of the metric under translations, together with the definition of the composition law of momenta from translations, leads to the system of equations for the composition of momenta
Using the general form of a covariant composition of momenta
we have a system of equations for the two functions f L , f R of three variables. The solution of the system of equations is
and one reproduces the composition of momenta of Snyder kinematics in the Maggiore basis (it is the complete version of the first orders obtained in Ref. [21] ).
If we obtain the infinitesimal generators
one can check that
which is indeed the Snyder algebra. Covariance of the algebra also tells us that C(p) is a function of p 2 , and that the Lorentz transformation in the two-particle system is linear, that is, it is the same than that in the one-particle system.
For other choices of coordinates with a covariant metric one would find the Snyder kinematics in different basis. All the discussion of a deformed covariant metric can be repeated in the case of anti-de Sitter momentum space and one will obtain the same results replacing (1/Λ 2 ) by −(1/Λ 2 ).
In the case where both coefficients c 1 , c 2 are non-zero, one has a relativistic deformed kinematics depending on one additional dimensionless parameter which interpolates between Snyder and κ-Poincaré kinematics. One has a system of equations for the translation T a (p) (and then for the deformed composition law of momenta) when one considers a given algebra of isometries and the translation invariance of a choice of de Sitter or anti-de Sitter metric. When one considers the general expression for an isotropic composition of momenta as an expansion in powers of (1/Λ), one finds at each order in this expansion a set of equations which determine the dimensionless coefficients which define the power expansion of the deformed composition of momenta. This will reproduce the results of the kinematics of what is known as hybrid models [18] .
IV. COMPARISON WITH PREVIOUS ATTEMPTS TO RELATE A DEFORMATION OF THE KINEMATICS WITH THE GEOMETRY IN MOMENTUM SPACE
In previous attempts to establish a relation between a deformation of the kinematics and a geometry of momentum space [12] , the basic ingredients have been the identification of the function of momenta which defines the dispersion relation with the square of the distance from the origin to a point in momentum space in terms of its coordinates, and a relation between the deformed composition law and a (non-metrical) connection in momentum space. In this work we have completed the proposal of Ref. [15] , defining the deformed composition law through some isometries (translations) of the metric, without reference to a connection. In this section we show how the definition of the DCL from translations which leave the tetrad (and then the metric) invariant leads to identify a combination of the tetrad and its derivatives which transforms as a connection (but in general differs from the metric connection). This connection will allow us to compare the direct simple derivation of a RDK from the geometry presented in this work with previous works based on a relation between a connection and a deformed composition law.
We start by writing the equation of invariance of the tetrad under translations (Eq. (22)) in terms of the composition law, and taking the derivative on both sides with respect to p ρ
From this we can get the second derivative of the composition law
where e ν α is the inverse of e 
where
One can easily check that the combination of the tetrad and derivatives in Eq. (45) transforms like a connection does under a change of coordinates in momentum space. In Ref. [22] , a way to introduce a connection in momentum space and define the deformed composition through the parallel transport defined by the connection was proposed as the link between the geometry of momentum space and a DCL. It turns out that the composition law defined in this way satisfies Eq. (44). This equation does not allow to determine the composition law for a given connection unless we add the condition of associativity for the composition law. Then we have a proof that the composition law defined by a translation which leaves a tetrad invariant is the associative composition law derived by parallel transport, with the connection (45) associated to the tetrad.
In Ref. [12] , a prescription to define a connection in momentum space for a given composition law of momenta is proposed. The prescription is based on a k-dependent momentum composition
If the composition law is associative, then the k-dependent composition law reduces to
We can then get a differential equation for this k-dependent composition law if we replace q by (k ⊕ q) in Eq. (44), which is valid for any momenta (p, q). We have
Now, multiplying by ∂(k ⊕ q) ρ /∂q µ , one obtains
Taking p = q = k in Eq. (49), we get
which is the expression used in Ref. [12] . This proofs that the connection associated to the tetrad (45) in our approach is related to the composition law of momenta defined by the invariance under translations of the tetrad by the prescription proposed in Ref. [12] to define a non-metric connection from a composition law of momenta.
V. SUMMARY AND OUTLOOK
We have presented in this work a proposal to derive a (relativistic) deformed kinematics from a geometry in momentum space defining a deformed composition law from the translations in momentum space and the deformed dispersion relation from the (square of the) distance from the origin to a point in momentum space. In the case of a maximally symmetric space one gets a relativistic deformed kinematics.
A comparison with other attempts to relate a geometry with a deformed kinematics based on a relation between a (non-metric) connection in momentum space and a deformed composition of momenta has been discussed. In fact we have identified a connection in our proposal that, in the case of an associative composition of momenta, satisfies the relations with the deformed composition law proposed in those attempts. This connection, however, is derived from the tetrad, which is then a more fundamental object that relates the geometry and the deformed composition law in our approach.
We remark that previous attempts tried to define the geometric ingredients (metric or connection) from a deformed kinematics (DDR and DCL), while we have followed the opposite path: construct the deformed kinematics from the geometry in momentum space. An advantage of our approach is that the deformed kinematics obtained in this way is automatically a relativistic deformed kinematics.
We have seen that when one considers a particular choice of de Sitter momentum space coordinates, the Hopf algebra structure of coproduct of momenta and boosts, as well as the Casimir, of κ-Poincaré in the bicrossproduct basis, is obtained in a simple and intuitive way. Also, for a linear Lorentz covariant metric, the composition law of momenta is obtained for the Snyder noncommutativity in the Maggiore representation. We have also discussed the systematic method to determine a relativistic isotropic deformed kinematics for a given Lie algebra of generators of isometries. The details of the derivation of the kinematics of hybrid models, as well as the possibility to consider anisotropic relativistic deformed kinematics, will be the subject of a future work.
Finally, let us mention that the consistency of the independence of the geometry on the choice of coordinates (momentum variables) with the identification of physical momentum variables (which is implicit in any study of the phenomenological consequences of a deformation of the kinematics) is an open problem to be studied, as well as the possibility to extend the derivation of a (not relativistic) deformed kinematics from a geometry in momentum space beyond the maximally symmetric cases. 
